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Optimization Problem

q� �ß� ¨Ð°É¨ êÐ ãÐÂú� ê­� ÜßÐ�Â�Èϖ

§(Ā) = ψ(Ā) + ­("(Ā))→ È°É
Ā

. ϯͮϰ

q­�ß�ϖ

ͮϜ ψ(·) : RÉ → R °ã � ãÈÐÐê­ §ïÉ�ê°ÐÉ û°ê­ ¿ÉÐûÉ ��ß°ú�ê°ú�ϗ
ͯϜ "(·) : RÉ → RÜ °ã � ãÈÐÐê­ §ïÉ�ê°ÐÉ û°ê­ ¿ÉÐûÉ ��ß°ú�ê°ú�ϗ
ͰϜ ­(·) : RÜ → R °ã � �ÐÉê°ÉïÐïã Ü°���û°ã� Â°É��ß §ïÉ�ê°ÐÉϜ
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Continuous Piecewise Linear Functions

­(Ā) °ã � �ÐÉê°ÉïÐïã Ü°��û°ã� Â°É��ß °§ϖ

ϕ ­(Ā) °ã �ÐÉê°ÉïÐïãϗ
ϕ h = {­° : ° = ͮ, . . . , È̂} °ã � ã�ê Ð§ �§đÉ� §ïÉ�ê°ÐÉãϗ
ϕ ­(Ć) ∈ {­̃(Ć) : ­̃ ∈ h}Ϝ

q� û°ÂÂ ïã� ãÐÈ� ���°ê°ÐÉ�Â ÉÐê�ê°ÐÉãϖ

ϕ S° = {ā : ­(ā) = ­°(ā)} �É� S̃° = �Â(°Éê(S°))ϗ
ϕ +�­(Ć) = {° : Ć ∈ S̃°} °ã � ã�ê Ð§ ��ê°ú� °É�°��ãϗ
ϕ H(Ć) = {­° : ° ∈ +�­(Ć)} °ã � ã�ê Ð§ ��ê°ú� §ïÉ�ê°ÐÉãϜ
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Continuous Piecewise Linear Functions

:�ê Ā ∈ RͰ Â�êã ê�¿� � ÂÐÐ¿ �ê ℓͮ ÉÐßÈϖ

§(Ā) = |Āͮ|+ |Āͯ|+ |ĀͰ| =

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

Āͮ + Āͯ + ĀͰ °§ Āͮ, Āͯ, ĀͰ ≥ ͭ,
Āͮ + Āͯ − ĀͰ °§ Āͮ, Āͯ ≥ ͭ, ĀͰ ≤ ͭ,
Āͮ − Āͯ + ĀͰ °§ Āͮ, ĀͰ ≥ ͭ, Āͯ ≤ ͭ,
Āͮ − Āͯ − ĀͰ °§ Āͮ ≥ ͭ, Āͯ, ĀͰ ≤ ͭ,
. . .

ϯͯϰ

ϕ +§ Ā ∈ RͰ
++ +�­(Ā) �ÐÉê�°Éã ÐÉÂā ͮ °É��ĀϜ

ϕ °§ Ā : ĀͰ = ͭ ê­�É +�­(Ā) �ÐÉê�°Éã ͯ °É�°��ãϜ
ϕ °§ Ā : ĀͰ = ͭ, Āͯ = ͭ ê­�É +�­(Ā) �ÐÉê�°Éã ͱ °É�°��ã
ϕ °§ Āͮ, Āͯ, ĀͰ = ͭ ê­�É +�­(Ā) �ÐÉê�°Éã �ÂÂ ͵ °É�°��ã
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Clarke Subdifferential

+É ¨�É�ß�Â §ïÉ�ê°ÐÉ ­(·) °ã ú�ßā ���ϖ

ϕ +ê °ã ÉÐÉЁ�°§§�ß�Éê°��Â�Ϝ #ß��°�Éê �Ð�ãÉВê �Ā°ãêãϜ
ϕ +ê °ã ÉÐÉЁ�ÐÉú�ĀϜ Zï�¨ß��°�Éê �Ð�ãÉВê �Ā°ãêϜ
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Clarke Subdifferential

q� û°ÂÂ ïã� ¨�É�ß�Â°Ć�ê°ÐÉ Ð§ ãï��°§§�ß�Éê°�Âϖ

∂
§(Ā) =
{
Â°È
ā¼→Ā
∇§(ā¼) : ā¼ �°§§�ß�Éê°��Â�

}
, ϯͰϰ

∂�§(Ā) = �ÐÉú(∂
§(Ā)). ϯͱϰ
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Clarke Subdifferential

§(Ā) = |Ā| =
{

Ā +§ Ā ≥ ͭ,
−Ā +§ Ā ≤ ͭ.

ϯͲϰ
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Clarke Subdifferential

Â°È
ā°<ͭ→ͭ

∇§(ā°) = −ͮ. ϯͳϰ
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Clarke Subdifferential

Â°È
ā°>ͭ→ͭ

∇§(ā°) = ͮ. ϯʹϰ
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Clarke Subdifferential

ZÐ û� ­�ú�ϖ

ϕ Â°È
ā°<ͭ→ͭ

∇§(ā°) = −ͮϗ

ϕ Â°È
ā°>ͭ→ͭ

∇§(ā°) = ͮϗ

ϕ ∂
§(ͭ) = {−ͮ, ͮ}ϗ
ϕ ∂�§(ͭ) = �ÐÉú(∂
§(ͭ)) = �ÐÉú({−ͮ, ͮ}) = [−ͮ, ͮ]Ϝ
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Clarke Subdifferential

`�¿� � ÂÐÐ¿ �ê Ðïß ê�ß¨�ê §ïÉ�ê°ÐÉ �ê ÜÐ°Éê Ā

§(Ā) = ψ(Ā) + ­("(Ā)) ϯ͵ϰ

q� ­�ú�ϖ

ϕ �É ��ê°ú� ã�ê +�­(Ā) Ð§ ã°Ć� Èϗ
ϕ ã�ê Ð§ ��ê°ú� §ïÉ�ê°ÐÉã H(Ā) = {�`° Ā+ �°, ° = ͮ, . . . ,È}ϗ
ϕ È �°§§�ß�Éê ¨ß��°�Éêã °É §ÐßÈ ∇§(Ā) = ∇ψ(Ā) +∇"(Ā)�°ϗ
ϕ ∂�§(Ā) = �ÐÉú(∇ψ(Ā) +∇"(Ā)�°|° ∈ +�­)Ϝ
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"(Ā) Approximation

ZïÜÜÐã� û� �ÐÉВê ­�ú� �É ����ãã êÐ �Ā��ê §ïÉ�ê°ÐÉ "(·)Ϝ 
ïê °Éãê���
û� ­�ú� �É �Â�È�ÉêЁû°ã� �ÜÜßÐĀ°È�ê°ÐÉã È"° ϖ

ϕ |"°(Ā+ ã)−È"°(Ā+ ã)| ≤ κ°,�§∆ͯ ∀ã ∈ B(ͭ,∆)ϗ
ϕ ∥∇"°(Ā+ ã)−∇È"°(Ā+ ã)∥ ≤ κ°,�¨∆ ∀ã ∈ B(ͭ,∆)ϗ
ϕ ∥∇ͯÈ"°(Ā)∥ ≤ κ°,È(Ϝ
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Master Model and Generators G

ZïÜÜÐã� û� ­�ú� � ÜÐ°Éê Ā¿Ϝ "Ðß ê­°ã ÜÐ°Éêϗ û� §ÐßÈ � ¨�É�ß�êÐß G¿

��ã�� ÐÉ ��ê°ú� �É� ÜÐê�Éê°�ÂÂā ��ê°ú� °É�°��ãϜ

+É Ðß��ß êÐ �ï°Â� � ¨�É�ß�êÐß G¿ û� û°ÂÂ ïã� �ÜÜßÐĀ°È�ê°ÐÉã È"° Ϝ

#�É�ß�êÐß G¿ �ÐÉê�°Éã �Â�È�Éêã °É §ÐßÈ ∇ψ(Ā¿) +∇@(Ā¿)�°Ϝ

�Â�È�Éêã Ð§ ¨�É�ß�êÐß G¿ §ÐßÈ � È�êß°Ā #¿Ϝ
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Master Model and Generators G

�ê ���­ ãê�Ü ¿ û� û�Éêϖ

{∇ψ(Ā¿) +∇@(Ā¿)�° : ° ∈ +�­("(Ā¿))} ⊆ G¿, ϯͶϰ

G¿ ⊆ {∇ψ(Ā¿) +∇@(Ā¿)�°|ā ∈ B(Ā¿,∆¿), ° ∈ +�­("(ā))}. ϯͮͭϰ

+ê °ã °ÈÜÐßê�Éê §Ðß � ¨ÐÐ� �ÜÜßÐĀ°È�ê°ÐÉ Ð§ ∂�§(Ā)Ϝ

+É Üß��ê°ú� �ÂÂ û� ��É �Ð °ã �ï°Â� ê­°ã ã�êã ïã°É¨ ã�ÈÜÂ°É¨ϖ

ϕ {∇ψ(Ā¿) +∇@(Ā¿)�° : ° ∈ +�­("(Ā¿))} ⊆ G¿,

ϕ G¿ ⊆ {∇ψ(Ā¿) +∇@(Ā¿)�°|ā ∈ w, ° ∈ +�­("(ā))} §Ðß ãÐÈ�
w ⊂ B(Ā¿,∆¿)

ͮͰ



Master Model and Generators G

q� û�Éê êÐ đÉ�ϖ
¨¿ = ÜßÐ¼(ͭ, �ÐÉú(G¿)). ϯͮͮϰ

`Ð đÉ� ê­°ã ÜßÐ¼��ê°ÐÉ û� û°ÂÂ ãÐÂú� � ÜßÐ�Â�Èϖ
{
λ`(#¿)`#¿λ→ È°Éλ
, �`λ = ͮ,λ ≥ ͭ.

ϯͮͯϰ

"°É�ÂÂā û� ­�ú�ϖ
¨¿ = #¿λ∗. ϯͮͰϰ
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Master Model and Generators G

q� û�Éê êÐ �ï°Â� � È�ãê�ß ÈÐ��Â È§
¿ ãï�­ ê­�ê ∇È

§
¿ = ¨¿ϖ

È§
¿ = ψ(Ā¿) +

Ü∑

°=ͮ
û¿° È"°(Ā) +

Ü∑

°=ͮ
λ∗° �¼° . ϯͮͱϰ

q­�ß� û¿ = �¿λ∗ �É� � °ã È�êß°Ā §ÐßÈ�� §ßÐÈ �ÐÈÜÐÉ�Éêã �°Ϝ

ͮͲ



Sufficient Decrease Condition

GÉ ���­ ãê�Ü ¿ û� û°ÂÂ ïã� È�ãê�ß ÈÐ��Â °É êßïãê ß�¨°ÐÉ ãï�ÜßÐ�Â�Èϖ
⎧
⎨

⎩
È§
¿(Ā¿ + ã¿)→ È°É

ã¿
,

ã ∈ B(ͭ,∆¿).
ϯͮͲϰ

q� �ÐÉВê É��� �É �Ā��ê ãÐÂïê°ÐÉϜ q� û�Éê ã¿ ã�ê°ã§āϖ

ψ(Ā¿)− ψ(Ā¿ + ã¿) +
(
@(Ā¿)−@(Ā¿ + ã¿),�(¿)

)
≥ κ�

ͯ È°É{∆¿,
∥¨¿∥
κÈ(

}.

ϯͮͳϰ
q­�ß� �(¿) �Ðßß�ãÜÐÉ�ã êÐ §ïÉ�ê°ÐÉ ­(¿)ϖ

­(¿)("(Ā¿)) ≤ ­("(Ā¿))­(¿)("(Ā¿ + ã¿)) ≥ ­("(Ā¿ + ã¿)). ϯͮʹϰ

ͮͳ



Sufficient Decrease Condition

"Ðß �Éā �Þ ãï�­ ê­�ê {∇ψ(Ā¿) +∇@(Ā¿)�Þ) ∈ G¿ϖ

¼∗ = È�Ā
{
ͭ,
⌈
ÂÐ¨κ�

(
∥∇ψ(Ā¿) +∇@(Ā¿)�Þ∥

κ§(∆¿

)⌉}
. ϯͮ͵ϰ

�É� ÜÐê�Éê°�Â ã¿ϖ

ã̂¿ = −κ¼
∗

� ∆¿
∇ψ(Ā¿) +∇@(Ā¿)�Þ
∥∇ψ(Ā¿) +∇@(Ā¿)�Þ∥.

ϯͮͶϰ

ͮʹ



ρ¿ Test

`Ð �ÐÉêßÐÂ ê­� Þï�ÂÂ°êā Ð§ �ÜÜßÐĀ°È�ê°ÐÉ °É êßïãê ß�¨°ÐÉ ÐÜê°È°Ć�ê°ÐÉ
û� û°ÂÂ ïã� �Ð�§đ�°�Éêϖ

ρ¿ =
ψ(Ā¿)− ψ(Ā¿ + ã¿) + ­(¿)("(Ā¿))− ­(¿)("(Ā¿ + ã¿))
ψ(Ā¿)− ψ(Ā¿ + ã¿) + (@(Ā¿)−@(Ā¿ + ã¿),�(¿)). ϯͯͭϰ

+§ ρ¿ °ã ãï§đ�°�ÉêÂā Â�ß¨� û� ����Üê ÜÐ°Éê Ā¿ + ã¿Ϝ

ͮ͵



Trimmed Estimation

ZïÜÜÐã� û� ­�ú� ��êã�ê Z = {(Āͮ, āͮ), . . . , (ĀA, āA)}ϗ ÂÐãã §ïÉ�ê°ÐÉ
Â(ā̂, ā)Ϝ �É� Üß��°�ê°ÐÉ §ïÉ�ê°ÐÉ "(Ā,û)ϗ û­�ß� û °ã � Ü�ß�È�ê�ßã
ú��êÐßϜ q� û�Éê êÐ ãÐÂú� � ÜßÐ�Â�Èϖ

ͮ
Þ

Þ∑

°=ͮ
Â(°)

(
"(Ā(°),û), ā(°)

)
→ È°É

û
. ϯͯͮϰ

+É Ðß��ß êÐ ��Â�ïÂ�ê� ê­°ã §ïÉ�ê°ÐÉ û� ­�ú� êÐ ��Â�ïÂ�ê� ÂÐãã §Ðß �ú�ßā
�Â�È�Éê Ð§ Z �É� ã�Â��ê ãÈ�ÂÂ�ãê Þ ú�Âï�ãϜ

ͮͶ



Trimmed Estimation

:�êВã Üß�ã�Éê °ê °É ê­� §ÐßÈ Ð§ϖ

§(Ā) = ψ(Ā) + ­("(Ā)). ϯͯͯϰ

ϕ ψ(û) = ͭϗ
ϕ "(û) = [Â("(Āͮ,û), āͮ, . . . , Â("(ĀA,û), āA)]ϗ
ϕ ­(·) = {¨�(Â(û)) : � ∈ +Þ,A(Â(û))}ϗ
ϕ +Þ,A(Â(û)) = {(°ͮ, . . . , °Þ) : Â°¼("(Ā°¼ ,û), ā°¼) ≤ Â(Þ)("(Ā(Þ),û), ā(Þ))}ϗ

ϕ ¨�° (Â(û)) =
{
ͮ/Þ ° ∈ �,
ͭ Ðê­�ßû°ã�.

ͯͭ



Trimmed Estimation

ZÐ û� ­�ú�ϖ

§(û) = ͮ
Þ

Þ∑

°=ͮ
Â(°)

(
"(Ā(°),û), ā(°)

)
= ­("(û)). ϯͯͰϰ

q� �Âß���ā ��É ïã� È�É°§ÐÂ� ã�ÈÜÂ°É¨ �Â¨Ðß°ê­È êÐ ãÐÂú� ê­°ã
ÜßÐ�Â�ÈϜ (Ðû�ú�ß �ïê­Ðßã ÜßÐÜÐã�� ãÐÈ� ÈÐ�°đ��ê°ÐÉãϜ

ͯͮ



Direction Search

+É Ðß��ß êÐ È�¿� �É ÐÜê°È°Ć�ê°ÐÉ ãê�Ü û� û°ÂÂ ãÐÂú� ê­� ÜßÐ�Â�ÈMϖ
⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

τ → È°É
τ∈R,ã∈RÉ

,

∥ã∥ͯ ≤ ∆¿,

¨�(Â(û¿))− ­(Â(û¿)) +∇(¨� ◦ Â)(û¿)`ã ≤ τ ∀� ∈ G¿.

ϯͯͱϰ

ͯͯ



Sampling

q� ��É ß�ÜÂ��� §ïÉ�ê°ÐÉ "(Ā) û°ê­ �ÜÜßÐĀ°È�ê°ÐÉϜ `­°ã
�ÜÜßÐĀ°È�ê°ÐÉ �ÐïÂ� �� ãêÐ�­�ãê°�Ϝ

�ê ���­ ãê�Ü û� �ÐÉã°��ß � ãï�ã�ÈÜÂ� Z ⊆ {ͮ, . . . ,A}Ϝ q� ß�ÜÂ���
§ïÉ�ê°ÐÉ Â(û) ÜßÐ¼��ê°ÐÉ Ð§ §ïÉ�ê°ÐÉ û­°�­ ïã�� ÐÉÂā ãï�ã�ÈÜÂ��
�Â�È�ÉêãϜ

�ÂãÐϗ ê­� �ïê­Ðßã ÈÐ�°đ�� ê­� ����Üê�É�� �ß°ê�ß°�ϖ

ρ¿ =
­(ÂZ¿(û¿))− ­(ÂZ¿(û¿ + ã¿))

−τ¿.
ϯͯͲϰ

ͯͰ



Final Algorithm

Input: Ü�ß�È�ê�ßã γ��� ∈ (ͭ, ͮ)ϗ γ°É� > ͮϗ θ ∈ (ͭ, ͮ)ϗ °É°ê°�Â ÜÐ°Éê
ûͭ ∈ RÉϗ êßïãêЁß�¨°ÐÉ ß��°ïã ∆ͭ > ͭ
repeat

Z�ÈÜÂ� Z¿ ⊂ {ͮ, . . . ,A}
(τ¿, ã¿)←M(Z¿,­,û¿,∆¿)

Z�ÈÜÂ� Z¿′ ⊂ {ͮ, . . . ,A}
if ρ¿ ≥ θ

û¿+ͮ ← û¿ + ã¿
∆¿+ͮ ← γ°É�∆¿

else
û¿+ͮ ← û¿
∆¿+ͮ ← γ���∆¿

end if
until �ï�¨�ê �Ā­�ïãê��

ͯͱ


